RIGIDITY OF SINGULAR SCHUBERT VARIETIES IN 

Gr{m, n) 

JAEHYUN HONG 

Abstract. Leta=(p^\--- be apartition and a' = (p'i'\ ■ ■ ■ 
be its conjugate. We will prove that if g^, > 2 for all 1 < i < r, then 
any irreducible subvariety X of Gr{m, n) whose homology class is an in- 
tegral multiple of the Schubert class [ag] of type a is a Schubert variety 
of type a. 



1. Introduction 

Let Gr{m, n) be the Grassmannian of m-planes in C". For a partition 
a = (ai, • • • , am) a Schubert variety (Ta of type a is defined by the set of 
all m-planes E such that dim(£' n ^ > z, 1 < i < m for a choice 

of a flag {C^ C • • • C C""}. Then they form a basis for the homology space 
H^{Gr{m,n),Z). 

For a = {p'^Y = {{n — m)™"'', (n — m — pY), the Schubert variety (Ta of 
type a is smooth and they are all the smooth Schubert varieties in Gr{m, n). 
The Schur rigidity of smooth Schubert varieties in Gr(m, n) is proved in jWi| , 
[B] and |Hoj : for any smooth Schubert variety in Gr{m,n) other than a 
non-maximal linear space, any irreducible subvariety whose homology class 
is an integral multiple of the Schubert class [da] of type a is a Schubert 
variety of type a. 

In this paper we will prove the Schur rigidity of singular Schubert varieties 
of certain types in Gr{m,n). 

Theorem. Let a = (pf^, • • • ,Pr'^) be a partition and let a' = {pi"^^, ■ ■ ■ ,p's'^'') 
he its conjugate. Then the Schubert variety is Schur rigid if qi,q'i > 2 for 
all i < r. 

The proof is divided by two parts as in [B] and [El: Schubert rigidity 
and the equality Ba = T^a* ■ Define the Schubert differential system by 
the differential system with a fiber at x € Gr{m, n) given by the set of all 
the tangent space of Schubert varieties of type a passing through x. If any 
irreducible integral variety of Ba is a Schubert variety of type a, then we say 
that the Schubert variety da is Schubert rigid. 

Putting together the tangent space of all the subvarieties X with [X] = 
r[aa], r G Z at each point, we get another differential system TZa*, which 
we call the Schur differential system([Bj, ^\). By the construction, if any 
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irreducible integral variety of TZa* is a Schubert variety of type a, then the 
Schubert variety da is Schur rigid. Furthermore, the Schubert differential 
system Ba is always contained in the Schur differential system TZa*- Thus 
the equality = TZa* and the Schubert rigidity is a necessary and sufficient 
condition for the Schur rigidity(^). While proving the equality Ba = TZa* 
is computing integral elements of exterior differential systems, which is an 
algebraic problem, proving the Schubert rigidity is finding integral varieties 
of a differential system, which is a local differential geometric problem. 

When the Schubert variety a a is singular, we will express the Schubert 
variety Ua as the locus of a family of smooth Schubert varieties cxb of type 
b on Gr{m, n) parameterized by a Schubert variety dc of type c in another 
Grassmannian which is the parameter space of the Schubert variety of type b 
on Gr{m, n). Then the Schubert variety da is Schubert rigid if the Schubert 
varietyies db and dc are Schubert rigid. So we can use the Schubert rigidity 
of smooth Schubert varieties and the induction to prove the Schubert rigidity 
of singular Schubert varieties in Gr{m,n) of types in Theorem(Section 3). 

To prove the equality Ba = Ra* C Gr{k, E* Q) for the fibers of Ba 
and T^a* at [E] £ Gr{m,n), we use the description Ra = Gr(|a|,£'* Q) (1 
¥{E>aiE*) Sa'(Q)) as in Ho and then we compute the complement of the 
tangent space of Ba in the tangent space of Gr{k, E* (g) Q) by hands, while 
in |Hoj the theory of Lie algebra cohomology developed by Kostant used to 
compute it(Section 4). 
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Schubert varieties to prove their rigidity. Some results of the present paper 
have been worked out while I was visiting MSRI in Berkeley in November 
2003. I would like to thank this institute for its hospitality, and Professor 
R. Bryant, one of the organizers of the program "Differential Geometry", 
for stimulating discussions and encouragement. This work was supported 
by the Post-Doctorial Fellowship Program of Korea Science and Engineering 
Foundation(KOSEF). 

2. Differential systems 

2.1. Schubert differential systems. Let Gr{m,n) be the Grassmannian 
of m-dimensional subspaces of V = C". Let P(m,n) be the set 

{a = (ai, • • • , am)\ n - m > m > ■ ■ ■ > am > 0} 

of partitions. Fix a fiag {V,} of V with dimV^ = i. For a E P{m,n), define 
the Schubert variety da(V,) of type a by the set 

{E e Gr{m,n)\ dim(S n K-m+i-aJ > i}- 

Then da(V,) is a subvariety of Gr{m, n) of codimension |a| := ai + • • • + am- 
By varying the flag {V,}, we get a family of Schubert varieties da of type a. 
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Let a G P{m,n). Define its dual a* by 

a* = {n — m — am, • • • ,n — m — oi) 

and define its conjugate a' = {a'l, • • • , a^_„) by 

(^i = Hil'^j > for 1 < i < n — m. 

The Young diagram Ya is defined by the set of boxes consisting of boxes 
in the i-th row, the row of boxes hned up on the left. Then the Young 
diagram Y^* is obtained by rotating the complement of the Young diagram 
Ya by 180 degree and the Young diagram Y^' is obtained by transposing the 
Young diagram Y^- 

Example 2.1. m = 5, n — m = 6. Young diagrams Ya,Ya* ,Ya' for a = 
(6, 6, 4, 2, 2). a* = (4, 4, 2), a' = (5, 5, 3, 3, 2, 2) 



Define Ua to be the vector space of matrices Z = (zf) G Mn-m,m that 
satisfy zf = when a > n—m—ai. This is the tangent space of the Schubert 
variety and is obtained by rotating the Young diagram 1^* by 90 degree 
in counterclockwise. 



We will use the notation a = {pf^, ■ ■ ■ ,pr'"), Pr ^ ioi the partition with 
qi Pi's, qr PrS. 

Definition 2.2. Let M be a manifold and let Gr{k, TM) be the Grassman- 
nian bundle of /c-subspaces of the tangent bundle TAf. A subvariety T of 
Gr{k, TM) is called a differential system on M. A subvariety X of M is said 
to be an integral variety of the differential system T if at each smooth point 
X £ X, the tangent space TxX is an element of the fiber J^x- We say that 
is integrable if at each point x G M and y £ J^x, there is an integral variety 
passing through x and tangent to the subspace Wy of TxM corresponding 
to y. 
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Definition 2.3. For each a G P{m,n), the Schubert differential system 
of type a is the differential system with a fiber consisting of the tangent 
space to the Schubert varieties fia of type a passing through a given point. 
We say that is Schubert rigid if Schubert varieties of type a are the only 
irreducible integral varieties of 8^- If, furthermore, there is a unique Schu- 
bert variety passing through a given point and tangent to a given tangent 
subspace, then we say that 8^ is strongly rigid. 

Remark 2.4. For a smooth Schubert variety in Gr{m,n), the Schubert dif- 
ferential system is strongly rigid ([W], Proposition 13. 3() and this will play a 
central role in proving the Schubert rigidity of singular Schubert varieties. 

Let [E] G Gr{m,n) and Q = C^/E. Then T^E]Gr{m,n) = E* Q and 
A^{E* (g)Q) = ©|a|=fcSa(£^*) §a'(Q)> where Sa is the Schur functor of 
type a. There exists a ^[/(nj-invariant positive {k, A;)-form (pg, which can be 
written as the sum "^Zi^i 1^]^ where {^j} is an orthonormal 

basis of Sa(S) <S) Sa'(<3*) C ^''{T(E]Gr{m,n)). Then we have J^^^ (/)b = 5^ 
for a, b G P(m,n) (For details, see [5]). 

Definition 2.5. For each a G P{m,n), the Schur differential system TZa of 
type a is defined by the intersection 

nb^a,|b| = |a|-^(0b), 

where Z^cj)^,) is the set of |6|-subspace of TE{Gr{m, n)) on which vanishes. 
We say that da is Schur rigid if Schubert varieties of type a* are the only 
integral varieties of TZa- 

Remark 2.6. (1) Ba* is contained in TZa, and X is a subvariety of Gr{m,n) 
with [X] = r[(Ta*] for an integer r if and only if X is an integral variety of 

^a(in], iwi). 

(2) Ba* is closed and TZa is connected (Remark 2 and Remark 12 of B ). 
2.2. F-structures and integral varieties. 

Definition 2.7. Let be a submanifold of Gr(k, V) with a transitive action 
of a subgroup of GL{V). A fiber bundle C Gr{k,TM) on a manifold M 
of dimension n = dimV is said to be an F -structure if at each point x G M 
there is a linear isomorphism ip{x) : V TxM such that the induced map 

ifix)'' : Gr{k, V) Gr{k,TxM) sends F to T^. 

Schubert differential systems are F-structures for various F's. Integrabil- 
ity and the uniqueness can be obtained by studying the cohomology space 
H'''^{F) and H'''^{F) associated to {Wf,V,TfF) for / G F{^). When 
an F-structure is integrable, if H^'^[F) = 0, then the family of all integral 
varieties passing through a fixed point and tangent to a fixed subspace has 
dimension dimif-^'^(F). In particular, if H^'^{F) = 0, there is only 

one such integral subvariety. Higher cohomology gives the information on 
the higher jet of the integral varieties. 
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In general, Schubert differential system for singular Schubert variety has 
order > 2, i.e. its integral varieties are determined by higher jets. But 
smooth Schubert varieties depend only 1-jet and there is a canonical map 
from the differential system of a singular Schubert variety to that of a certain 
smooth Schubert varietvfProposition l3.2)) . So, in this paper, we will consider 
only the first cohomology H^'^{F), which contains the information on the 
2-jets of integral varieties. 

Definition 2.8. Let F be a subvariety of Gr{k, V) with a transitive action 
of a subgroup of GL(y). Let be an F-structure on M with the projection 
map IT : T ^ M. For x £ M and y £ !Fx, let Wy denote the A:-subspace of 
TxM corresponding to y. For a A;-subspace H of TyJ^ such that tt^ : H ^ Wy 
is an isomorphism, define dH : t^Wy T^M/Wy by 

dH{Vi,V2) = [Vi,V2] uiodWy, 

Vi, i = 1, 2 is a local vector field on M with Vi{x') G W^^(x') for a local section 
V' of with = H. It is weU definedJUIj). 

A /c-subspace H of TyT is said to be a 2-jet of an integral variety if vr^, 
restricts to an isomorphism H C TyT — > Wy G TxM and dH = 0. 

Such an H is indeed a candidate for the 2-jets of actual integral varieties 
of and the set of such an H is again a subvariety of Gr(k, V + TfF). 

Proposition 2.9. Let T he an F -structure on M . Let x £ AI and let 
y £ J^x- If X is an integral variety of T passing through x and tangent to Wy, 
then the tangent space H = TyX C TyJ^ of the lifting X := {(x, [Tj:X])|a; G 
X,[TxX] G Gr{k,TxM)} of X to Gr{k,TxM) satisfies 

(1) TT:^ : H ^ Wy is an isomorphism 

(2) dH = 0. 

Proof. See Chapter 1 of [H]. □ 

The condition that : H ^ Wy is an isomorphism is equivalent to 
the condition that H is the graph of a map p : Wy — > Ty{J^x) C W* 
{TxM/Wy). Define Op : A^Wy ^ T^M/Wy by dp{Vi,V2) = piVi)iV2) - 
p{V2){Vi), considering Ty{J^x) as a subspace of W* ® (TxM /Wy). Then 
dH = if and only if dp = 0. 

Definition 2.10. Let J- be an F-structure on M. For each y £ J^, define 
J^y^^ by the set of all 2-jets of integral varieties tangent to Wy, i. e., 

^^1) ={HcTyT:7r^:H^Wy is an isomorphism and dH = 0}. 

We call J-^"^^ = Uy^j^J-y^'^ the first prolongation of Define 

F(^) = {H cV + TfF\H is the graph of a map p:Wf ^ TjF, dp = 0}. 
Then J^^^) IS an -structure on J^. 
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Put H^'\F) = Ker{d : TfF A^W^ ® {V/Wj)). If H^'^F) = 
then F(i) is just a point and the first prolongation defines a distribution 
on J^. In this case, the integrabihty of this distribution is equivalent to the 
integrability of the F-structure J-. So there is at most one integral manifold 
passing through a given point and tangent to a given A;-subspace of the 
tangent space. For the details see Chapter 1 of |G]. 



3. Schubert rigidity 
3.1. Description of the Schubert difTerential system. 

Example 3.1. For a = {p'^)* , The Schubert variety is the sub-Grassmannian 
{E e Gr(m,n)|C'"-« C E C C^+p} ~ Gr{q,p + q). The Schubert differ- 
ential system Ba is the flag space F{m — q,m,m + p, n) and the parameter 
space of the family of Schubert varieties of type a is F{m — q,m + p,n). In 
this case, there is a double fibration F(m — q,m + p,n) <— — > Gr{m, n). 

In general, the Schubert differential systems Bg, is a generalized flag vari- 
ety. Since SL{n) acts on Ba transitively and Ba is compact, we have only 
to find the corresponding subset of simple root system which generate the 
isotropy group which is parabolic. 

Let S = {«!, • • • , Un-i} be the set of simple roots of G = SL{n) and let 
P be the parabolic subgroup of SL{n) generated by 5^ = S — {om}, i-e. 
is the set of simple roots of the semisimple part SL{m) x SL{n — m) of P. 
Then Gr(m,n) is G/P. 

Proposition 3.2. For a = {pf^ , ■ ■ ■ ,Pr''),Pr / 0, put 

Sa = - {ogi, • • • , agj+...+£,J U {a„_pj • • • ,a„_p^}. 

Let Qa is the parabolic subgroup of SL{n) generated by 5aU{am} and Pa be 
the parabolic subgroup of SL{m) x SL(n — m) generated by the set Sa- Then 
Ba is the homogeneous manifold G/{Qa^P) and Pa is the isotropy group of 
the the action of SL(m) x SL{n — m) on the fiber Ba of Ba Gr(m, n). If 
C 5b, then there exists a quotient map (/9a,b '■ ^ which preserves 
the fibers. 

For example, the following figure describes ria, ma and Qa for n = 10, m = 
4 and a = (6,4,2,2), where tria denotes the tangent space of Ba- Ua is the 
space of all n x n-matrix with nonzero elements only in * and tria is the space 
of all n X n-matrix with nonzero elements only in •. The Lie algebra of the 
reductive part of Qa is the space of all n x n-matrix with nonzero elements 
only in o. 
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Proposition 3.3. For a = {p'^)* , the Schubert variety of type a is 
strongly rigid except when (p = 1 and q ^ m) or (p ^ n — m and q = 1). 

Proof. See |Wl. □ 

3.2. Foliation by smooth Schubert varieties. We start with the sim- 
plest case and then will use the induction to prove the general case. 

Example 3.4. The case when a = (p'^) is studied in Example 13 and Re- 
mark 33 of (B^. Fix a (n — m — p -|- (jf)-subspace A = ([y^-i^-p+i of C". Then 
(7a (A) can be expressed as a union of a family of Schubert varieties of type 
b = ((n - mY) = {{n - m)^™-''))*. 

cra(A) = {E eGr{m,n)\di\a{Er\A)>q] 

= U ^ Gr{m,n)\a C E} 

C9CA 

Note that Gr{q, n) is the parameter space of the Schubert varieties of type b 
and {C G Gr[q.,n)\C^ C A} is a Schubert variety of type c = {{n — m—pY)* 
in Gr{q, n). 



_0 0_ _0 0__0__0_ I II I I 

ma 0_ ^ TTib ^ _~ir mc ITl) 

n3r~nr ~0 O" "n^ lTir ^ n7 ~0 0""0 

na ma nb mc 



From this expression, we get the following desingularisation tt2 of cra(A). 
{(C9,S)|0 C^} ^Gr{m,n) D (Ta(A) 

Gr{q,n) D Gr{q,A) 

Here, o"a(A) is equal to TT2{'JT^^{Gr{q, A))) and 7r2 : TT^^{Gr{q, A)) o-a(A) 
is generically one-to-one. 
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The smooth locus of cTa(A) is fohated by Schubert varieties of type b in 
Gr{m,n) and the space of leaves of this foliation is a Schubert variety of 
type c in Gr{q, n). 

In the same way as above, we get a different desingularisation of cra(A) 
by considering (Ta(A) as a union of a family of another type of Schubert 
varieties: 

aa(A)= y {E eGr{m,n)\E dO'-P}. 
AcC"-P 

Proposition 3.5. For the partition a = {p'^), the Schubert variety of 
type a is rigid if p > 1 and q> 1. 

It is proved in Example 13 and Remark 33 of [Bj. We will prove it again 
in such a way that can be generalized to the case of the Schubert differential 
systems of other singular Schubert varieties. 

Lemma 3.6. Let a and b he two partitions such that rib is a suh space of 
tXa with 5a C 5b (and thus there is a projection (^a,b '■ ^ B^, as in 
vrovosition V:! . '^) . Assume that B\y is strongly rigid. For p : ria nxa, define 
p by the composition tXa tria tnb- If p{v) = for all f G rib and for all 
p E H^'^{Ba), then the smooth locus of any integral variety of Ba is foliated 
by integral varieties of B^,, which are Schubert varieties of type h. 

Proof. By the strong rigidity of By,, its first prolongation B^^ gives a dis- 
tribution D on B\3 which is integrable because B\j is integrable. Integral 
varieties of D are isomorphic to Schubert varieties of type b via the map 
T^h '■ B\3 ^ Gr{m,n). 

Let X be an integral variety of Ba. Let X C i3a be the lifting of X, that 
is, X = {{x, [TxX])\x G X}. It suffices to show that (Pa,hi^) is foliated by 
the integral varieties of the distribution D induced by B^\ that is, at each 
point y £ X, i(Pa,h)*{TyX) contains D^^^^i^y). 

i 

\ / 

X C Gr{m, n) 

The map {^a,h)* is given by the projection m + rtia ^ m + rtib and TyX 
is the graph of a map p : ria — > rtia with dp = 0. So {fa,h)*{TyX) is the 
graph of the map ria ^ rria — > mb with dp = 0. On the other hand D^^ ^^(y) 
is the graph of the zero map rib ^h- By the assumption, p{v) is zero for 
all V G nb, so (pa,hiTyX) contains D^^^^(^yy □ 
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Lemma 3.7. Let a, c be as in Example Yj.4\ Let A C Gr{q, n) be a subvariety 
of dimension q{n — m — p) . Define X a '■= tt2{'^i^{ A)) C Gr{m,n). is 
an integral variety of Ba{Gr{m,n)) and dim{7r^ (A)) is equal to dim{XA), 
then A is an integral variety of Bc{Gr{q,n)). 

Ba^B^^Griq,n)D A 

\ / vr2 
Gr{m, n) D Xa 

Proof. We will follow the arguments in Example 16.6 of |0. Define 7fj,i = 
1, 2 to be the projection from Gr(q, n)xGr{m, n) to the first and second com- 
ponent, respectively. Let F{q,m,n) denote the flag space {(r,£')|r C E C 
C"}C Gr(g,n) xGr{m,n). Then 7r2(7rf ^(^)) is n2{^i'^{A) n F{q,m,n)). 

Let r be a smooth point in A. Then n^^^A) is smooth at {T,E) for all 
E G Gr(m, n) with the tangent space 

T^r,E)^, (^) = |(r?,^)| ^.^E^C^/E, j' 
The tangent space of F{q, m, n) at (F, E) is 

r(r,z,)F(g,m,n) = |(^,^)| ^;^^^//^^^ ^|r = mod ii; } " 

By dimension counting, we see that the two tangent spaces are transversal 
so that ■7rf^(A) = vrf^(^) n F{q,m,n) is smooth at all {T,E) with T C E, 
and the tangent space of Tri^{A) at (F, E) is given by 

T(r,s)vr, (^) = I (77,(^)1 ^ ^ modi?/' 

For each E G Xa there are only finitely many T G A with T d E. If 
there are more than one T G A with T d E, then Xa is not smooth at 
-^(Proposition 16.8 of IhI). Let E be an element in Xa such that there is 
only one T G A with T d E. Then 1^2 : ^^^{A) — > Xa is one-to-one over E 
so Xa is smooth at E with the tangent space 

Te{Xa) = {ip:E^ C'/E I ^|r = ?? mod E, r] e TrA, }. 

Since Te{Xa) is of type a in Gr{m,n), T^A is of type c in Gr{q,n). □ 

Proof of Proposition 13.51 We will show that for all p : ria — > tria with 
p G H^'^{Ba), the induced map p : rib C Ua ^ iria — ^ TUb is zero. Then for 
an integral variety X of B^, the space of leaves A = 7ri{ipa,h{X)) C Gr{q, n) 
of the foliation on X given by Lemma 13.61 satisfies the conditions in Lemma 
13.71 Thus A C Gr(g, n) is an integral variety of Bc{Gr{q, n)). Since q > 1 Be 
is rigid. So A is the Schubert variety Gr{q, A) for a (n — m — p + g)-subspace 
A of and hence X is the Schubert variety o"a(A). 
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Let Eij be the n x n-matrix with only one nonzero element in the z-th row 
and j-th column. Then [Eij,Ek/] = Sj^kEu — Si^eEkj for all 1 < i,j,k,i < n. 

Since \p{X),Y] — [p{Y),X] G via for all X,Y and [ma/mb,nb] C rib, 
\p{X),Y] - [p{Y), X] e Ha for all X,Y e rib- Assume that q + 1 < i,j < m 
and m+l<r,s<n — p and n — p + 1 < a,b < n. Note that for a fixed a, 
if X G nxb and [X, Ea,i] = for all i, then X = 0. 















rrib 











* 


Er,i 











Ea,i 


• 






From \p{Ea,i),Er,j] - \p{Erj) , Ea,i] G Ua, we get both \p{Ea,i), Erj] and 
\p{Erj), Ea^i] are contained in ria- Thus \p{Erj), Ea^i] is zero, which implies 
that PiErj) = 0. 

Since \p{Ea^i), E^j] — \p{Ei,j), Ea^i] is contained in ria, it should be zero 
and thus both \p{Ea^i), Ei,j] and \p{Ebj), Ea^i] should be zero for a ^ b. Here 
we use the condition that p > 1. So p[Ei, j) is zero. □ 

3.3. Sub-Grassmannians. To extend the Proposition 13.51 to the general 
case, we consider the following problem: Suppose that a Schubert variety 
(7a is contained in a proper sub-Grassmannian of Gr{m,n) and Ub is the 
minimal sub-Grassmannian among them. Then will any integral variety of 
Ba be contained in a sub-Grassmannian Cb? 

Proposition 3.8. Let a = (pf^,--- ,Pr'') £ P{m,n) he a partition and let 

a' = (p'l'^^S ■ ■ ■ iP'r^"^) ^6 conjugate of a.. Suppose that ria is contained 
in a proper rectangle in m. Let b he the partition corresponding to the 
minimal rectangle among them. Then any integral variety ofB^ is contained 
in a suh-Grassmannian except when qi + ■ ■ ■ + Qr = m and qr = 1 or 
q[ + • • • + q'j. = n — m and q'^ = 1. 

If both qi + ■ ■ ■ + qr < m and q[ + • • • + q'^ < n — m hold, then there is no 
proper sub-Grassmnnian containing a^- So the cases we will consider below 
is either when qi + ■ ■ ■ + qr = m and qr > 2 ot when q[ + ■ ■ ■ -\- q'^ = n — m 
and qr>2. 

Lemma 3.9. Let a and b he two partitions such that ria is a suhspace of 
rib with Sa C 5b thus there is a projection Ba B^y as in proposition 
l.'y.M Assume that Bb is strongly rigid. For p : xXa ^ rria, define p hy the 
composite map ria —>■ rria ^ rrib. If p = for all p G H^'^{Ba), then any 
integral subvariety of Ba is contained in an integral variety of Bh, which is 
a Schubert variety of type b. 

Proof. The proof is similar to the proof of Lemma 13.61 □ 
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Proof of Proposition I^TSl First, we consider tiie case a = {pf^ ,P2^ ,p1^), 
P3 7^ is a partition with qi + q2 + qs = m and qs > 2. As the proof will 
show, the general case can be obtained in the same way. 

Claim. Put h = {pf). 
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Then any integral variety of is contained in a Schubert variety of type b. 

Proof. Let p : ria ^ rUa be a map with dp = Then — 
[p(F), X] G ria for all X,Y e n^. Put p : ria ^ nxb to be the composition of 
p with the projection ma — > trib- 

Since [rria/mb, ria] C rib, we have [p{X), Y] — [p{Y),X] G rib for all X,Y e 
tta- Assume that qi + 1 < k,i < qi + q2, qi + q2 + ^ < i,j 1^ rn, m + 1 < 
r,s < n — pi and n — pi + 1 < a,b < n — p2- Note that for X G rrib, if 
[X, Er^i] = [X, Ea^i] = for all r and a for a fixed i, then X=0. 
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From \p{Er^k),Es,i] - [p{Es,i), Ej-^k] G ^b, we see that both [p{Er^k), Es,i] and 
\p{Es^i), Ej.^k] are contained in rib- So [p{Er^k), Eg^i] = 0. The same equation 
hold if we replace Es^i by Ea^i- Thus PiE^^k) = 0. 



Put c = ((n 
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Then p restricts to a map ric 
[piY),X] G nc for all X,Y en^ 



rrib C rric- Also we have [p{X),Y] — 
Since > 2, i3c is strongly rigid so that p 
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is zero on tXc- Hence p is zero. By Lemma 1(1 9| any integral variety of is 
contained in a Schubert variety of type b. 

In the same way, we can show that any integral manifold of Ba is contained 
in a Schubert variety of type b for b = {p'^"'~"^)- 
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Here we use the rigidity of the Schubert differential system B^ with c 



□ 
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Theorem 3.10. Let a = {pi 



,91 



<lr' 



he a partition and let a' = {p'l^^ , • • • , p 



he its conjugate. Then cJa is Schuhert rigid if qi,q[ > 2 for all i <r. 

Proof. We will use the induction on r. Thanks to Proposition 13.81 we 
may assume that there is no proper sub-Gassmannian containing cja so that 
qi + ■ ■ ■ Qr < ITT- and q'i + ■ ■ ■ q'^ < n — m. 

By Lemma 13.61 and the same argument as in Proposition EISl any integral 
varieties of Bg, is foliated by the Schubert varieties of type b = ((n — m)'?), 
where q = qi + ■ ■ ■ qr- Then the space of leaves A of this foliation will 
be an integral variety of the Schubert differential system Be on Gr{q,n), 
c = ((pi + (m — q))'^^, ■ ■ ■ ,{pr + {m — q)Y''). By Proposition |2IH1 any integral 
varieties of Be is contained in a sub-Grassmannian of type [{pr + {rn — q)Y) in 
Gr{q,n). Thus A is an integral varieties of the Schubert differential system 
Bd, d = {{pi — PrY^ ■, • ■ ■ , {Pr-1 — Pr)'^''~^) ou this sub-Grassmannian, which 
is rigid by the induction hypothesis. □ 



4. SCHUR RIGIDITY 

4.1. Criterions for the equality Bg, = Ra*- Let be a Schubert variety. 
If (Ta is Schubert rigid and the Schur differential system TZ^* is equal to the 
Schubert differential system B^, then is Schur rigid. To compare B^ and 
TZa* , we will use the following description of TZa* ■ 
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Proposition 4.1. Let (resp. Ra*) be the fiber of (resp. TZa*) at 
E G Gr{m,n). Then Ra* is equal to 

Gr{\3L*\,E* Q) n P(§a*(^*) ® S(a*)'(Q)) C P(aI^*I(^* Q)) 

and Ba is the orbit of a highest weight vector in the irreducible representation 
space P(§a-(-E*) S(a.)'(<9)) ofSL{E*) x SL{Q). 

Proof. By Proposition 3.1 of Hoj. □ 

Note that we adapt the convention that o"a is a Schubert variety of dimen- 
sion |a*|, while is a Schubert variety of dimension l{w) in jHoj . Thus, 
when a* G P{m,n) corresponds to w ^ , Ba is equal to B^ and TZa* is 
equal to TZw 

Since Pq acts on the fiber Ba, we have a decomposition po = Tna + U + nXa, 
where the tangent space of Ba at a point is isomorphic to rria- A sufficient 
condition for the equality Ba = Ra* is given by Proposition 3.2 in |Hoj . Put 

Ia = §a*(^*)®S(a*)'(Q)- 

Proposition 4.2. Assume that for the la-generators ip of all irreducible 
la-representation spaces in the complement of ma in na<8im/na, we have 

ip''{vi A-- - AVk) 01a, 

where {vi, ■ ■ ■ ,Vk} is a basis of Ua and (p^ : A'^ria — > A^xn/ A^ ria is defined 
by 

(p^{vi A • • • A ffc) = ^ A • • • A Lp{vi) A - ■ ■ Avk mod a'^ ria. 

i 

Then Ba is equal to Ra* ■ 

Let E be an m-subspace of C" and Q be the quotient C"/i?. Then m 
is equal to E* ® Q. Take a partition a = • • • ,pT) G P{m,n) and 
let a' = (p'l^i,--- 7^ be its conjugate. Write E = ©[f^i^i and 

Q = ®ltiQa SO that (a = © i^llisliQa))- Note that rs is r if 

qi + ■ ■ ■ + Qr = rn and is r + 1, otherwise, and rq is r if q[ + ■■■ q'^ = n — m 
and is r + 1, otherwise. We indexed Ei and Qa keeping the order of the basis 
{ei , • • • , e„} of C" such that {ei , • • • , Cm} is a basis of E. Set rj = dim Ei and 
Sa = dimQa for 1 < i < rE and 1 < a < rg. Then =< Cr^.j+i, • • • ,6,.. > 
and Qa =< Qsa^i+i, ■■■ ,Qsa>^ where qp := e^+p for p = 1, • • • ,n-m. 

Let n be the index set of {i,a) such that ria = ®(i,a)£uiE* © Qa)- As a 
subspace of n* © m/ria, ma = {®i<jE* © .Bj) © (©fe<aQb © Qa) is equal to 

(©^<i^^* © Ej0 < Id^^^^^^^Q^ >c) © (©6<a < Id(s,^^^^E, >c ©Qfe © Qa) 

where Iljj = {a : (i, a) H, (j, a) G 11} and Ilb,a = : (i, b) G 11, (i, a) H}. 

We may choose the order of the set of roots of SL{n) in such a way that 
the maximal root is located in the most left and the lowest box El © Qg and 
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the minimal root is located in the most right and the highest box E* Qi. 
Then the highest weight vector in rria C n* (g) m/ria is either 

Eaen,,, EgpGQ, <p ® ^(3^^ where = e%. ® and xp^ = e;._^^^ (g) qp 
for some i < j, or, 

EiGn,,„ EepGEi ^ap ® where = e; qs,_,+i and x^^ = e; 
for some b < a, 

For example, Consider a = (9^,7^,3*) in P(10, 19). Then we have E = 
®t=iEi, Q = eLiQa and U = {(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3)}. The 
highest weight vector of is 





El 


^2 




E^ 




Qi 


Xl 
X2 






•i 

•2 


Q2 


X3 
X4 
X5 
X6 






•3 
•4 
•5 
•6 




x? 

X8 

Xg 






•7 
•8 

•g 






= 










El E2 E^ E4 



or 



Qi 
Q2 













X3 
X4 
X5 

X6 




•3 
•4 
•5 

•6 




X7 
X8 

Xg 




•7 
•8 
•9 



Xn 



Proposition 4.3. Let E = (BiEi and Q = (BaQa be the decomposition 
associate to a as in the above and {ei, • • • , e„} be a basis for C" indexed as in 
the above. Then the highest weight vector of an irreducible l^-representation 
space in the complement of xria m n* m/tta is either 

(1) a decomposable vector x* ®xp, where Xa = e*. 'S>qs^_^+i is the lowest 
weight vector of E* ® Qh and xp = e*__^j^i ® qg^ is the highest weight vector 
of E* (g) Qa for some (j, b) G 11, (i, a) IT, or, 

(^) Hq^dQ^ <p Xfs^, where Xa^ = e^. (g qp and xp^ = e;,_^+i (g qp for 
some (j, a) G 11, (i, a) 11 such that (j, a — 1) G 11 and {i, a — 1) IT, or, 

('V J2epeE, <p ® where = e; (g> qs,_,+i and xp^ = e*, (g) qs^ for 
some {i, b) G 11, {i, a) 11 such that {i + l,b) G 11 and {i + 1, a) 11. 

Proof Ifi^j and a ^ b, then {E* (g Qt)* {E* (g) Qa) is an irreducible la- 
representation space. But if i / j and a = b, then {E* (g Qa)* (g (g Qa) — 

(g) (g) {QI (g) Qa) is decomposed as {Ej (g) £;*(g) < Idg^ >c) (g) -B* (g) 
sl{Qa)), each of which are irreducible sl{Ej) x sl{Ei) x sZ(Qa)-representation 
spaces. The highest weight vector of the irreducible representation spaces 
{E* ® Qb)* {E* Qa) or (Ej E* ® si((3a)) is of type (1). 

The component E*^Ej of tria corresponds to the component E*®Ej® < 
^d^aeUijQa >C in t^a ® ^/^a, SO its complement in QaeUi^E* (g £^0 < 
^^Qa >C is ®^^f^. .E*<^Ej<^ < Idq^ >c, where ftj j = {a : (i, a) H, (j, a) G 
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n, (i,a — 1) n, (j, o — 1) G n} is obtained from Iljj by excluding the 
smallest index in Iljj. The highest weight of the irreducible representation 
space in these components is of type (2). 

Considering the case when i = j and a ^ b, we obtain the highest weight 
vectors of type (3). □ 

For example, the highest weight vector ^ x* (8) xp^ of type (2) is 





El 


E2 




E3 


Ea 


Qi 










Q2 


X3 
X4 

X5 
X6 






•3 
•4 
•5 


Qs 














= 










El E2 E^ i?4 



or 



Qi 
Q2 

Q3 





















X7 

X8 

Xg 




•7 

•8 
•9 



4.2. Proof of the equality Bg^ = Ra*- We will use the same notations 
as in the previous section. When {vi,--- ,Vk} is a basis of Ua such that 
vi = Xa, we will use the notation x/3 A Xq, A • • • A Vfc to denote the fc- vector 
obtained from vi A ■ ■ ■ A v^, which may be considered as a base fc- vector, by 
replacing vi = Xq, with x^. 

We call the union of all the columns corresponding to Cp's in Ei the Ei- 
column. Similarly, we call the union of all the rows corresponding Cp's in Qa 
the Qa-row. 

Proposition 4.4. Let a. = {pf^ , ■ ■ ■ ^pf^) he a partition and let a! = (Pi'^S • • • ,p 
he its conjugate. Take a decomposition E = (BiEi and Q = (BaQa associated 
to a as in the previous section. Let U be the index set of (i, a) such that 
Tia = ffi(j,a)en-^i' ® Qa- Then the Schubert differential system Ba* is equal 
to the Schur differential system TZa except when both Ei and Qa are one 
dimensional for some {i, a) 11 with E* Qa adjacent to ria- 

Proof. We will divided the proof by two: I. when the highest weight of the 
irreducible component in the complement of nxa in n* m/ria is of type (1) 
and II. when it is of type (2) or (3) (See Proposition 14.31 for the types of the 
highest weight vectors). 

I. Type (1): Fix {j, b), £ 11, (z, a) ^ 11. Let {vi, • ■ ■ , • • • , v^} be a basis 
of ria with vi = Xa is a lowest weight vector of E* ® Qh and x^ is the highest 
weight vector of E* Qa. We will show that xp AXa A - ■ ■ Avk has a nonzero 
component in lb for a partition b 7^ a with |b| = |a|. 
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Case 1. Assume that q'^ > 2 for all i. Then we can take b with 
Tib = Tia — {xp'}^ {xa'} where xpi is the highest weight in the boxes (g) Qc 
for all c with (j, c) G 11 and x^' is the lowest weight vector in the boxes 
-E'fe ® Qa for all k with (A;, a) 11. Note that there is x^.^j = I,-- - ,4 
in po such that ad{xry^)ad{x^^)xp = Xa> and ad(x^4)aci(x-y3)a;^/ = Xa and 
ad{xj.),j = !,■■■ ,4 

If XajXfj, Xfj' and Xq' lie neither in the same i?j-column nor in the same 
Qtt-raw as in the picture, 



(^74 ) 





• 








[1 














X 


X 















T 



T 



"b 



Xq, = one of "'s 

= one of X 's 

then all ji are distinct. Thus 



I = o 



ad{xj^) ■ ■ ■ ad(x-y^)(x^ A • • • A Xq, A • • • A Vk) = x^/ A • • • A xpi A ■ ■ ■ Av^. 



But Xa' A • • • A xpi A • • • A f fe is the lowest weight vector of lb- Since ad(po) 
preserves lb, there is a nonzero Ib-component in x^ A • • • A x^ A • • • A and 
thus it is not contained in la- 

If Xa'>X/3, xpi and Xq,/ lie either in the same ii'j-column or in the same 
Qa-row as in the picture 
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T 



T 



9 

i > 



then 72 = 74 or 71 = 73. We consider the case when 72 = 74( the proof 
for the other case is similar to this case). Thus the multivector Xa' A x^/ A 
■ ■ ■ A Vk G lb can be obtained from the multivector xp A Xa A ■ ■ ■ A by 
applying g o ad{xy^)ad{x^^) , where g G SL{m) x SL[n — m) which exchanges 
the most left column e*s^_-^^-\-l® % ,1 < p < n — m with the most right column 
^li^Qp:^ < p <n — m in the E'j-column. This shows that xp AXaA - ■ ■ Avk 
is not contained in 1=. 



Case 2. If some q'^ = 1, then there may be no partition b with such 
property as in Case 1. This is the case when dim Qa is one and a = b + 1 
and -E^j_|_i Qa ^ n^- Then Xa' is left to x^' and they are adjacent so we 
cannot find such a partition b. 
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nb 





















x| 























But in this case, consider b' such that rib' = Ha — {xp"}L) {xa'} where xpn 
is the highest weight vector in the boxes E'^^Qb for all k with (fc, 6) G 11 and 
Xa' is the lowest weight vector in the boxes E* (g) Qc for all c with (i, c) H. 



ttb' 













^ ,1 































Hi ^ j + 1, then there is such a partition b'. If i = j + 1, then, by 
the assumption, dim Ei is not equal to one and thus we can find such a 
partition b'. Then by the same argument as in the case 1, we can prove 
that x/j A Xq A • • • A f fc is not contained in Ig. 

II. Type(2) or (3) Let ^^^^q^ x*^ Xjs^ be the highest weight vector 
of type (2) of an irreducible representation space in the complement of rria 
in n* m/ria, where Xa^ = e*^ (g) qp and Xjj^ = e*.__^_^_i (g) qp for some (j, a) G 
n, {i, a) ^ n such that {j, a — 1) G 11 and {i, a — 1) ^ H. We will show that 
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^Qp&Qa ^f3p^^oip A • • • Avfc has a nonzero component in lb + Ic if dim Qa > 2, 
and has a nonzero component in Ij,, otherwise, for some partition b and c. 
Applying the adjoint actions successively to 

P=Sa 

^ Xi3^AXapA---AVk= Xf:j^^_^^^AXa,^__^+-,A---AVk+ Yl X0^AXa^A---AVk, 
qp&Qa p=Sa-l+2 

we can get 

^ ^".c A • • • A Vfc + xp^^_^^^ A Xa,^ A--- Avk, 

where xp^^_^^-, = e*._^^^ (g) g^a-a+i and Xa,^ = e*. (g) Qa,^ and c is the largest 
index c such that (j, c) G 11. 











X4 
X5 
X6 






•3 
•4 
•5 











X/-] 



X 








X 














• 



Applying the adjoint actions again, we can get 



^ Vo^sc A • • • A + A 



A 



Ai^jfc, 



where y/?^ 



-1+1 



Qsa-i+i and y^^ 



a-2 + l 



(lsa-2+i and 



® Icisc ^ largest index h such that {h, a) H. This is the 

sum of the lowest weight vector of lb and that of Ic for some partition b 
and c such that all a, b, c are distinct. 



ttb 



+ 



□ 
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By Theorem 101 and Proposition 14.41 we get 

Theorem 4.5. Let a = {p'l,--- ,Pr^),Pr ^ be a partition and let a' = 

{p'l'^^, ■ ■ ■ ,p'r'^''), p'r ^ be its conjugate. Then is Schur rigid if qi,q[ > 2 
for all i < r. 

Remark 4.6. One of the problems in algebraic geometry is the smoothability 
of a singular Schubert variety Xyj of G/P. We say X^, is smoothable if there 
is a smooth subvariety X of G/P with [X] = [X^] in Z)(|B]). 
Assume that a = (p'^) and that p = 1 or q = 1 but both are not 1. Then 
is a singular Schubert variety and the non-smoothability of X^ is proved in 
[B] : if X is a subvariety of Gr{m,n) with [X] = [erg,], then X is a Schubert 
variety of type a. By Theorem 14.51 for a partition a = {p'l , ■ ■ ■ ^Pr") with 

its conjugate a' = (p'l'^S " " " tP'r^''), if qi-,qi ^ 2, for all i, then the singular 
Schubert varieties Ca of type a is not smoothable, neither. 

Remark 4.7. With the same notations as in Proposition 14.41 if both Ei and 
Qa are one dimensional for some {i,a) IT with E* Qa adjacent to na, 
then i?a is a proper subvariety of Ra* . 

Consider the highest weight vector Cgix^ of an irreducible component in 
the complement of rOa in n* tn/ria such that Xa G "a and xp £ E* ®QaC 
m/ria. Then one can check that xpAXa^- ■ ■ f\Vk is contained in la- Thus this 
gives a nontrivial element in Ta := T[n^]Gr(fc, m) n r^fc„^P(Ia) C n* m/ria. 
Note that as an element of T[/^fe„^]P(Ia), this tangent vector gives the map 

Xa f\V2 f\ • • • f\Vk I > XjS AV2 A ■ ■ ■ AVk £ la/ Ua, 

where {vi = Xa, V2, - ■ ■ , v^} be a basis of ria. Then c{t) = [xa + tx/^) Av2 A 
• • • A f fe, t G C, is a curve in R^ = Gr{k,m) H P(Ia) whose tangent vector 
is x^iSi Xf3. But this tangent vector is not contained in rtia and thus is 
a proper subvariety of Ra* ■ This is a generalization of the counterexamples 
considered in jW] or Example 9 of jB]. 
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